Abstract-A total of three types of doubly salient synchronous reluctance machines have been comparatively studied to improve the torque performance using current harmonic injection methods. These machines are derived from the switched reluctance machines (SRMs) with different winding configurations, such as the double/single-layer mutually coupled SRMs (MCSRMs) and fully pitched SRMs (FPSRMs), by supplying them with sinewave current. Such current supply mode can lead to higher torque/power density and lower vibrations and acoustic noise compared with the conventional rectangular current supply. The proposed torque analytical model can predict the instantaneous torque of the doubly salient SRMs with sinewave current excitation and the current harmonics also can be selected in order to reduce the torque ripple and/or increase the average torque. It has been found that the third current harmonic injection shows the best performance for single-layer MCSRMs and FPSRMs because it improves the average torque and reduces the torque ripple at the same time. However, it has little influence on doubly-layer MCSRMs. To improve the torque performance of such machines, other harmonic currents, e.g., fifth and seventh, need to be used. Both static and dynamic tests have been carried out to validate the predictions.
presented by Robert Davidson in 1838 [1] . With the rapid development in industry, SRMs have gained a substantial foothold in harsh environment and safety-critical applications. Without permanent magnets and windings on the rotor, it can reduce the system costs and also avoid the problems associated with permanent magnets such as the irreversible demagnetization [2] . In particular, their simple and robust structure, high manufacturability, good fault tolerance and high speed and temperature operation capabilities brought them the powerful competitiveness for automotive and aerospace applications [3] . However, the doubly salient structure leads to inherent drawbacks, such as high torque ripple, vibrations and acoustic noise, which significantly limit their market penetration into sectors that are sensitive to these issues. As a result, torque ripple and vibration mitigations for SRMs become some of the most important research topics in literature.
Recently, many researchers investigated the possibility of reducing the vibrations and acoustic noise of conventional SRMs by using sinewave current supply rather than the classic rectangular wave current supply (120 electrical degrees conduction for 3-phase SRMs). This in effect makes SRMs become the doubly salient synchronous reluctance machines, as investigated in [4] [5] [6] [7] . It has been found that the sinewave current supply has significant benefits on the radial force excitation reduction, which is the primary source of the vibrations and acoustic noise [8] , [9] . However, the torque capability with sinewave current supply is reduced compared with the rectangular wave current supply [10] . In order to increase the average torque, the researchers in [11] , [12] have proposed a new class of SRMs with fully pitched windings, namely fully pitched SRMs (FPSRMs). The torque generation of FPSRMs is entirely due to the rate of change of mutual-inductances between phases. It was verified that with sinewave current supply, FPSRMs can produce a torque twice as high as that of conventional SRMs. However, their longer end-winding compared with the short pitched winding of conventional SRMs results in higher copper loss at the same current level.
To combine the advantages of both conventional SRMs (short end-winding) and FPSRMs (high torque capability), the mutually coupled SRMs (MCSRMs) with double layer windings (DL) have been proposed in [13] , [14] . It has been established that the double layer MCSRMs generate torque via variation of both the self-and mutual-inductances, and are less sensitive to the magnetic saturation. As a result, the double layer MCSRMs can operate at higher phase current and achieve higher overload capability [10] , [15] . Apart from the aforementioned benefits, the double layer MCSRMs can also achieve lower vibration and acoustic noise compared to conventional SRMs [16] . However, due to the nature of the self-and mutual-inductance variations, the torque ripple of double layer MCSRMs is also higher. In order to mitigate this issue, researchers in [10] proposed some MCSRMs with single layer windings (SL). They exhibit better performance, e.g., higher average torque and also lower torque ripple, at low current conditions compared to their double layer counterparts. However, these advantages diminish with increasing saturation level.
In this paper, the comparative investigations between the doubly salient synchronous reluctance machines that evolved from the aforementioned SRMs with three different winding configurations, as shown in Fig. 1 , are carried out by using the proposed current harmonic injection method. For simplicity, they will still be called single/double layer MCSRMs, and FPSRMs throughout this paper. Single/double layer conventional SRMs will not be investigated due to their poor performance when TABLE I  MACHINE LEADING DIMENSIONS AND DESIGN FEATURES   TABLE II  ELECTROMAGNETIC TORQUE COMPONENTS FOR DIFFERENT SRMS supplied with sinewave current. The idea is to generate an opposite torque ripple by the injected current harmonics to compensate that produced by the fundamental current. As a result, the torque ripple can be reduced and the average torque might be increased at the same time. Without heavy saturation, the harmonic order, the phase angles and also the magnitudes of the injected current harmonics can be predicted in order to achieve the minimum torque ripple and/or maximum average torque. Fig. 1 shows the flux distributions at aligned position for three designed and optimized SRMs winding configurations, of which the machine parameters are given in Table I . Without considering the magnetic saturation, the general torque expression of SRMs can be described by
II. METHODOLOGY OF CURRENT HARMONIC INJECTION
where i abc , L abc and M xy (xy is any combination of phases a, b and c) are the three phase currents, and the self-and mutualinductances, respectively. θ is the mechanical rotor position. Due to different winding configurations, the self-and mutualinductances for single/double layer MCSRMs and FPSRM are different as well, which result in different electromagnetic torque contribution, as shown in Table II . Since the selfinductance of single layer MCSRMs is much larger than the mutual-inductance, the torque due to the self-inductance is the most dominant component. However, the torque generation of FPSRMs is entirely due to the mutual-inductances because the variation of the self-inductances can be neglected. Moreover, double layer MCSRMs combines both the benefits of the selfand mutual-inductances.
In order to identify the contribution of certain order current harmonic to the average torque and torque ripple. The stator current with single current harmonic injection can be described by (2) , and the self-and mutual-inductances can be expressed by Fourier series analysis, as shown in (3) and (4), respectively. It is worth noting that only the current and inductances of phase A are given. Other phases have the same amplitude but with a phase shift of 120
• .
The definitions of the above parameter are as follows. 1) L 0 and M 0 are the dc components of the self-and mutualinductances; L n and M n represent the n th order self-and mutual-inductance harmonic magnitudes; α n and α n are the phase angles of the corresponding inductance harmonics. These parameters are assumed to be constant if saturation level does not change and can be calculated by using finite element analysis (FEA) and Fast Fourier Transform (FFT), as shown in Fig. 2 (4) into (1), the detailed analytical instantaneous torque model of SRMs can be obtained. More precisely, the resultant torque produced by SRMs, T e , can be decomposed into two components: the torque produced by the fundamental current, T f , and the one produced by the current harmonics T h , which are given in (5) .
where 'f' and 'h' indicate the fundamental current and harmonic current respectively; '0' and 'rip' represent the average component and ripple component, respectively; 'sel' and 'mut' represent the components due to the self-and mutual-inductances, respectively. The detailed torque generation without current harmonic injection T f can be simplified by (8) , where k is a non-negative integer. It can be proven that the frequency of torque ripple for a 12 s/8 p SRM is due to the triplen harmonics. Moreover, when the number k is equal to '0', (8) could give the average torque and can be expressed as (9) . (8) shown at the bottom of this page, and
Furthermore, according to foregoing substitutions, the torque produced by current harmonics, T h , can be decoupled as the sum of the self-and mutual-torques, and the details are shown in (10) and (11) . Here, the torque due to the interaction between the inductance harmonics and the current harmonics (torque
term T e (I 2 v )) has been neglected due to its small magnitude.
and
(12) It can be proven that the frequency of T h correlates with the current and inductance harmonic orders as shown in (12) . Generally, T h will only contain the triplen harmonics, so do T f . This means that the combination of v and n needs to generate multiples of three for A to D. By way of example, when v is equal to 3, the term A can contribute to torque only if n is equal to 2, 5, 8, etc. If this condition satisfies, the average torque T h0 can then be obtained, as described by (13) , where the rotor position θ e is equal to '0'. Due to the nature of the inductances, the odd order inductance harmonics can be neglected. (8) and (9) also show that the dc inductance component has no contribution to the torque, and hence can be neglected as well. The average torque produced by the fundamental current only depends on the 2 nd order inductance harmonic. However, other even order inductance harmonics contribute to the torque ripples, in which the dominant one, i.e., the 6 th order torque harmonic, is produced by the 4 th , 6 th and 8 th order inductance harmonics. As a result, in order to reduce the torque ripple, this paper is focused to reduce the 6 th order torque harmonic. According to (10)-(12), the active inductance harmonics considered in this paper that contribute to the average torque and/or the torque ripple, are listed in Table III . It is worth noting that the 2 nd order inductance harmonic plays a more significant role in the 6 th order torque ripple than other inductance harmonics, due to its higher magnitude (See Fig. 2 ). Moreover, in order to increase the accuracy of predicting the torque ripple due to the fundamental current, the 12 th order torque harmonic is also considered in this paper. Fig. 3 shows the prediction of on-load torque with and without the 3 rd order current harmonic injection for the three aforementioned SRMs. It shows a generally good agreement between the FEA and analytically predicted results for a phase root-mean-square (RMS) current of 1A. Moreover, it can be proven that the proposed injection method can reduce the torque ripples while increasing the average torque for both single layer MCSRMs and FPSRMs, but has little effect on double layer MCSRMs. This will be investigated further in Section III. It is worth noting that with high phase current supplied, there will be a marginal discrepancy between the FE results and the analytical predictions due to magnetic saturation. However, the torque ripple can still be reduced by the proposed harmonic current injection method.
III. COMPARISON OF TORQUE CONTRIBUTION WITH THIRD CURRENT HARMONIC INJECTION

A. Torque Contribution for Single/Double Layer MCSRMs
Using the analytical torque models derived in previous sections, the torque produced by both the fundamental and harmonic currents can be reliably predicted without considering heavy magnetic saturation. According to T h0 in (13), the average torque, due to current harmonics, is a function of current harmonic phase angle β v and can be simplified by (14) based on the trigonometric function transformation.
where T res and ϕ res are the resultant torque magnitude and phase angle, respectively. ϕ res is a constant and can be calculated using the inductance magnitude and also phase angle. It is 1.3
• and 6.1
• for the single/double layer MCSRMs, respectively. It is obvious that the maximum average torque occurs when sin(β v + ϕ res ) = 1. Hence, the predicted β v where the maximum torques can be achieved for the single/double layer MCSRM can be easily calculated as 88.7
• and 83.9
• , respectively, as shown in Fig. 4(a) .
As aforementioned in Section 0, the 6 th order torque ripple is the most dominant one, which is due to the fundamental and harmonic currents and can be simplified by (15) and (16) according to (8) - (12) .
Therefore, the minimum torque ripple occurs when (15) and (16) have the same magnitude but π phase difference between them. This leads to (17)- (18) .
where d is an integer. Based on (8), (10) and (11), ϕ F rip and ϕ H rip can be calculated as 143.5
• and −90.1 • , respectively, for the single layer MCSRM. Therefore, the phase angle to achieve the minimum torque ripple can be obtained as β v = 53.6
• . It is the same for the double layer MCSRM, β v of which is 45.2
• . Fig. 4(b) shows how the 3 rd order current harmonic affects the torque ripple coefficients for both the single/double layer MCSRM. The torque ripple coefficient is calculated by ((T m ax − T m in )/T av ), where T m ax , T m in and T av are the maximum, the minimum and the average torques for one electrical period, respectively. It can be seen that for the single layer MC-SRM, the 3 rd order current harmonic can reduce the torque ripple coefficient by 56% while increasing the average torque by 10%. However, whatever the 3 rd order current harmonic is injected, it has little effect on both the average torque and the torque ripple coefficient of the double layer MCSRM.
In order to study the reason why this is happening, the harmonic torques due to the self-and mutual-inductances are investigated separately by using (10)- (13) . The active inductance harmonics (e.g., 2 nd and 4 th ) for the 3 rd order current harmonic injection listed in Table III are taken into account. By way of example, T hrip 2nd produced by the 2 nd order inductance harmonic with the 3 rd order current harmonic injected [n = 2, v = 3 in (13)] can be simplified as (19) .
From the observation of the inductances, it is found that α 2 leads α 2 by around 2π/3 for both the single/double layer MC-SRM, which means α 2 − α 2 ≈ 2π/3 is always valid. As a result, the harmonic torque components in T hrip 2nd due to the self-and mutual-inductances will produce a π phase difference for any 3 rd order current harmonic injections as shown in (20) .
Together with the similar magnitudes of L 2 and M 2 for the double layer MCSRM, T h0 2nd will be cancelled to a negligible level. The elimination happens on both average torque and torque ripple, which can be clearly shown in Fig. 5(b) . For comparison, Fig. 5(a) shows the harmonic torque composition for the single layer MCSRM. Even though its self-and mutualtorques still have opposite signs, the larger difference between L n and M n leads to the considerable contribution in both the average torque and the torque ripple. This explains why the 3 rd order current harmonic injection has little effect on the double layer MCSRM but can improve the torque performance for the single layer MCSRM.
B. Torque Contribution for FPSRM
As well-established in [11] , [13] and [17] , the torque generation of the FPSRM depends entirely on the mutual inductance variation. This is the same case for the harmonic torque generation. The 2 nd order self-inductance harmonic of the FP-SRM is too small to produce any meaningful average torque, which can be predicted by (10)- (13) , also shown in Fig. 6 . However, due to a significant 2 nd order mutual-inductance harmonic, there is a good potential for the FPSRM to improve its torque performance (increased average torque and reduced torque ripple) by injecting the 3 rd order current harmonic. By using the same analytical torque model, the average torque and torque ripple coefficient against current harmonic phase angle for the FPSRM can be obtained, as shown in Fig. 7 . The optimization of average torque and torque ripple can be carried out by applying the same equations (14)- (18) and the optimal 3 rd order current harmonic phase angles are selected as 268.7
• and 270.6
• , respectively.
C. Torque Performance With Saturation Consideration
The machine inductances can vary nonlinearly with respect to phase RMS currents due to magnetic saturation. Therefore, this section investigates the influence of magnetic saturation on the effectiveness of the 3 rd order current harmonic injection for different electric loadings. The comparison in terms of average torque and torque ripple coefficient against phase RMS current have been calculated by FEA, as shown in Fig. 8 . As can be found, for both the single layer MCSRM (dominant self-torque) and the FPSRM (pure mutual-torque), the 3 rd order current harmonic could minimize the torque ripple and increase the average torque at lower current level. With increasing current density, the 3 rd order current harmonic can still increase the average torque for the FPSRM by about 25% but it loses the benefit in torque ripple reduction. One of the important reasons is that the machine inductances cannot be calculated accurately under magnetic saturation condition without using frozen permeability [14] , [18] . This means that the current harmonics can no longer be properly selected by the proposed analytical torque model. Moreover, the 3 rd order current harmonic injection has little effect on the double layer MCSRM (self-and mutual torques) as investigated previously. The slight reduction in the average torque is due to the fact that for the same RMS current, the additional injected 3 rd order harmonic current leads to a reduced fundamental current.
IV. FIFTH AND SEVENTH ORDER HARMONIC CURRENT INJECTIONS
The proposed analytical torque model could also be implemented to other orders of current harmonic injections, such as the 5 th and 7 th order current harmonics. It is worth mentioning that the even order current harmonics always present undesirable torque performance (reduced average torque and increased torque ripple), hence will not be detailed in this paper. In order to investigate the torque contribution for the 5 th and 7 th order current harmonics, the analytical method for the 3 rd order current harmonic has been implemented for the three investigated machines as well. By way of example, for the double layer MCSRM, when the 5 th order current harmonic (v = 5) is injected, according to (10)- (12) and Table III, the dominant  6 th order torque ripple (|D| = |1 − v − n| = 6), produced by the 2 nd order inductance harmonic (n = 2), can be expressed as (21).
As aforementioned, α 2 − α 2 ≈ 2π/3 for the double layer MCSRM is again valid. Substituting it into (21) leads to
It is obvious that the self-and mutual-torque ripples due to the 5 th order current harmonic will always have the same phase angle. This is different from that of the 3 rd order current injection, and they will add together to compensate the torque ripple produced by the fundamental current, leading to an overall reduced torque ripple. As shown in Fig. 9 , it will happen for the 7 th order current harmonic injection as well. As a result, the 5 th and 7 th order current harmonics can achieve much more significant torque ripple reduction than that of the 3 rd order current harmonic for the double layer MCSRM.
Moreover, the torque production improvement with respect to the 5 th order current harmonic phase angle for the double layer MCSRM is shown in Fig. 10 . It is apparent that the torque behavior with the 5 th order current harmonic injection can also be reliably predicted. The phase angles for achieving the maximum average torque and minimum torque ripple have • , respectively. However, different from the 3 rd order current harmonica injection used for the single layer MCSRM and the FPSRM, the torque ripple and the average torque cannot be improved at the same time.
Similar investigations have been carried out for the 7 th order current harmonic injection. In order to achieve the minimum torque ripple, the magnitudes and phase angles of different current harmonics are predicted and compared, as shown in Table IV .
According to the predictions in Table IV , the FEA results with the desired magnitude and also phase angle for achieving minimized torque ripple by the 5 th order current harmonic injection are shown in Fig. 11 . As can be seen, the FPSRM shows the best performance with the 5 th order current harmonic injection, which reduces the torque ripple by around 69% without heavy magnetic saturation. Its average torque is only marginally influenced. There are also 70% and 58% reductions in the torque ripples for the single/double layer MCSRM, respectively. However, the average torques for these two MCSRMs are also reduced by about 15% and 35%, respectively. Similarly, the results for the 7 th order current harmonic injections are shown in Fig. 12 . It shows that there is around 10% reduction in average torque for all three types of machines. However, the torque ripple coefficient of the single layer MCSRM has been significantly reduced by around 72%, and the reduction is not really compromised with the increasing phase current. For the double layer MCSRM, the torque ripple coefficient can also be reduced by around 50%. Moreover, although there are 50% reduction in torque ripple coefficient for the FPSRM at low current, the benefits are compromised with increasing phase current due to magnetic saturation. The reason lies in the inaccurate calculation of machine inductances at high phase current.
V. EXPERIMENTAL VALIDATION
The proposed method for torque ripple reduction is validated on a prototype double layer MCSRM, which is proposed and built in [10] . The test rig is given in Fig. 13 , which consists of a permanent magnet generator (load machine), a torque transducer and the test MCSRM. In the following sections, the implementation process of the current harmonic injection is first presented. Then the static and dynamic tests are carried out to evaluate the proposed approach.
A. Current Harmonic Implementation
Based on the Park transformation, the current harmonic injection in dq0-axis is investigated, as shown in Fig. 15 . The dq0-axis reference currents are obtained from the torque 1, 2, 3 . . . abc frame harmonic orders are 3k , 3k − 1 or 3k + 1, while in dq0-axis frame, they are either 0 or 3k controller and dq0-axis harmonic components are predicted by the proposed approach.
The detailed injection method is provided in Table V . By way of example, if one wants to inject the triplen current harmonics in the abc-reference frame, e.g., 3
rd , then i dh and i qh need to be 0 and only i 0h will be injected. The parameters for i 0h , e.g., v = 3 (k = 1), i 3rd and α 3rd , can be calculated in advance.
It is worth noting that the 3 rd order current harmonic cannot be injected directly by the conventional 3-leg inverter, due to the fact that the zero-sequence current is not null. As a result, a 4-leg inverter, as shown in Fig. 14 , has been adopted in order to inject such harmonic current. In addition, the 3-dimension space vector pulse width modulation (3D-SVPWM) is utilized to achieve zero-sequence current control [19] , [20] .
B. Static Test
The measurement of static torque of the MCSRM is implemented by using the forgoing 4-leg inverter. The rotor of the test machine is locked physically. By changing the locked rotor position and supplying three phase DC currents (amplitudes of DC currents are chosen according to 3-phase sinewave currents at different rotor positions) into the machine, the sinewave current supply can be simulated. The three phase currents can be regulated by PI controllers. In order to avoid overheating, the phase RMS current is kept at 4A during the static test. Fig. 16 shows a good agreement between the predicted and measured instantaneous torque when various current harmonics are injected.
C. Dynamic Test
In dynamic test, the performance of current injection method at steady state is validated. The machine is operating under current control and maximum torque per ampere control (i d = i q ) [10] . The phase RMS current is kept at 5A and the harmonic orders listed in Table IV have been adopted. Fig. 17 shows the current and torque waveforms at the steady state after the 3 rd , 5 th and 7 th order current harmonics individually injected into the test machine, respectively. It is obvious that for the MCSRM, the 3 rd order current harmonic has little effect on the torque production, as predicted. The slight reduction in dq-current and average torque, after the 3 rd order current injection, is mainly due to the fact that the phase RMS current is kept constant. It also proves that the 5 th and 7 th order current harmonics can effectively reduce the speed and torque ripple.
The torque spectra are also plotted, as shown in Fig. 18 . The results show that the 5 th and 7 th current harmonic injections can reduce 66% and 70% of the 6 th order torque harmonics, respectively. The 3 rd current harmonic has negligible effect on the 6 th order torque harmonic. It is worth noting that the low frequency harmonics in on-load torque are mainly due to the unavoidable mechanical imbalance in test rig and also the inherent torque ripple of the load generator.
VI. CONCLUSION
This paper comparatively studied the torque performance improvement for three types of doubly salient synchronous reluctance machines with different windings by current harmonic injections. The proposed methods could clearly quantify the torque contribution for each inductance harmonic. Based on the analytical model, the torque behaviors after injecting current harmonics can be predicted and verified by FEA and experiments.
It has been found that the 3 rd order current harmonic injection for the single layer MCSRM and the FPSRM exhibits the best performance, which can increase the average torque by 10% and 22%, respectively, while reducing the torque ripple coefficient by more than 55%. However, it has little effect on the double layer MCSRM. This is mainly because the harmonic torques due to the self-and mutual-inductances have been cancelled, leading to a negligible resultant harmonic torque.
The 5 th and 7 th order current harmonic injections are also implemented. The results showed that they can reduce the torque ripple coefficient of the double layer MCSRM by 56% and 50%, respectively. For the single layer MCSRM, the 7 th order current harmonic injection presents better performance, which reduces the average torque by 10% but achieves 72% reduction in torque ripple coefficient. It is worth noting that all the current harmonic injection methods proposed in this paper can reduce the torque ripple for the FPSRM under light load conditions. However, due to magnetic saturation, the effect in torque ripple coefficient reduction might be compromised but average torque could still be increased. The effectiveness of the proposed current harmonic injection method has been validated by both the static and dynamic tests.
